MORPHISMS FROM QUINTIC THREEFOLDS TO CUBIC 
THREEFOLDS ARE CONSTANT 



DAVID C. SHEPPARD 

Abstract. We show that every morphism from a quintic threefold in P'* to 
a nonsingular cubic threefold in P** is constant in characteristic zero. In the 
process, we classify morphisms from P-^ to nonsingular cubic hypersurfaces in 
P^ given by degree 3 polynomials. 



Introduction 

The author shows in 14 that if / : X — > y is a morphism of hypersurfaces in 
P'* such that degy — 3 and degX < 4, then / is either constant or degX — 3 and 
/ is an isomorphism. The purpose of this paper is to extend this resuh by proving 
the following theorem. 

Theorem 1. If f : X Y is a morphism of hypersurfaces in over an 
algebraically closed field of characteristic zero such that degX = 5, AegY = 3, and 
Y is nonsingular, then f is constant. 

The motivation for investigating such morphisms to cubic hypersurfaces is the 
expectation that if / : X ^ F is a morphism between hypersurfaces in P", n > 4, 
such that Y is nonsingular of degree at least 2, then degF divides degX with 
quotient g, and / is given by polynomials of degree q, i.e. /*0y(l) = 0x{q)- 
This result is proven in when degF > n + 2. It is also proven in some cases 
where 3 < degl" < n + 1. The fact that morphisms from quintic threefolds to 
cubic threefolds are necessarily constant is the first nontrivial case of morphisms to 
cubics. 

1. Outline of Proof 

Throughout the paper, the base field will be algebraically closed of characteristic 
zero, and f : X ^ Y will denote a nonconstant morphism of hypersurfaces in P**, 
such that degX — 5, degY = 3, and Y is nonsingular. 

The Grothendieck-Lefschetz Theorem, |H| Theorem 4.3.2], states that V\cX is 
generated by 0x(l)- So /*0y(l) = &x{m) for some positive integer m. In terms of 
m, Theorem 1] states that deg /*C3 (r2y(2)) < degca (fi^f (2m)). By computing 
the Chern classes in this inequality, one checks that m < 3. 

We claim there is a rational map : P** P'' undefined at only finitely many 
points disjoint from X such that / = F\x- To see this, consider the short exact 
sequence 

i/"(P^0p4(TO)) H"{X,0x{m)) ^ ffi(p4,0p4(TO-5)) 

Since H^{r^, 0p4(m - 5)) = 0, the sections of 0x(m) that define f : X ^ lift 
to P'' and define a rational map F : P"^ --^ P"^, as claimed. 
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We introduce a hypersurface H in that will play a key role. Lazarsfeld proves 
in that P'^ is the only smooth fc-dimensional variety that is the image of a 
morphism from P*"'. In particular, Y is not the image of a morphism from P"^. It 
follows by considering a general hyperplane in P** that the image of F : P^ --^ P** 
is not Y . So F is dominant because the image of F is irreducible and contains Y . 
Hence ^ X + H ior some hypersurface H of degree 3m — 5. 

This shows m ^ \. We see that to ^ 2 as follows. Suppose to = 2. Then H is 
a hyperplane in P"'. Therefore F\h ■ H Y is not a morphism. Let p € H he a 
point of indeterminacy of F. This means that F = {Fq, . . . , F4) for homogeneous 
polynomials Fi of degree 2 that all vanish at p. If F is defined by the homogeneous 
cubic polynomial G = G{yo, . . . ,y4), then F^^{Y) = X U H is defined by the 
homogeneous sextic polynomial G{Fq, . . . , F4). Since the Fi all vanish at p and G 
is homogeneous of degree 3, G{Fo, . . . ,F4) vanishes to order at least 3 at p. In 
other words, p is a triple point of F^^{Y) = X U H. This is impossible because p 
is contained in the hyperplane H but not contained in X . Therefore, to 7^ 2. 

It is considerably more difficult to check that to = 3 is also not possible. That 
task will occupy us for the remainder of the paper. We focus our attention on the 
degree 4 hypersurface H and the rational map F\h ■ H "-^ Y. 

We prove Theorem 1 by considering the various possibilities for H. If H contains 
many copies of P^, then we will use the resulting maps P"^ ^ Y, which would be 
given by degree 3 polynomials. So our first task is to classify such morphisms from 
P^. This is done in Section 2. Then we return to the map H Y in Section 3 and 
work through several cases using the geometry of rational maps from thrcefolds to 
three dimensional cubics. 

2. Morphisms from P^ to Cubic Threefolds 

Let 5 : P^ — !■ y be a morphism given by degree 3 polynomials, i.e. (7*0v'(l) = 
0p2(3). The purpose of this section is to prove the following result about g. 

Theorem 2. We can choose coordinates xq,xi,X2 on P^ and coordinates on P^ 
such that 

g = (xl xl xl X0X1X2, 0) : P2 ^ y C P^ 

Let S be the image of g. Since Y is nonsingular, S' C K is a Cartier divisor. So by 
the Grothendieck-Lefschetz Theorem, [2] Theorem 4.3.2], S is the zero locus V{s) 
of a section s G H°{Y, 0y(a)) for some a > 0. To see that S is the scheme-theoretic 
intersection of Y with another hypersurface Y' in P*, consider the following piece 
of a long exact sequence of cohomology groups. 

i^°(P^0p4(a)) H°{Y,0Y{a)) H\¥\0p4a - 3)) 

Since i^l(P^0p4(a - 3)) = 0, s is the image of some s' e H° {V^ , Qp^a)) . So 
S = V{s') n Y. Take F' := V{s'). 

Calculate g*ci(0y(l))^ to be 9 = degg ■ degS to see that 3 = degg • degF'. 
Hence we will break the proof of Theorem 2 into two cases depending on whether 
degF' — 3 or degF' = 1. First, we recall the following result from 4 , which we 
will use repeatedly. 

Proposition 2.1. Let A be the space of lines on the smooth cubic threefold Y. 
Then A is a complete nonsingular surface that does not contain a rational curve. 
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Case 1. Assume Y' has degree 3. We will derive a contradiction. 

By assumption, g ; ^ 5* has degree 1, so it is a finite birational morphism. 
Our strategy is to analyze the double point class ©(g) of 5 : ^ F. See |S1 
Section 9.3] for the construction and computation of ©(.g). The construction will 
be used implicitly in the proof of Proposition 2.6 and Corollary 2.7. Following 
we calculate the double point class of g: 

0{g) = g*g.[T^] - ci(.g*Ty) + ci{Tr^) 

^ g*ci(0y(3)) - g*ci(0y(2)) + ci(0p2(3)) 

= ci(0p2(6)). 

An important fact for our purposes is that the construction of the cycle ©(5) 
not only gives a 1-cycle modulo rational equivalence, it actually constructs a Weil 
divisor in P^. We will denote this Weil divisor by D{g) and consider it as a closed 
subscheme of P^. This notation differs slightly from 6 in that we use D{g) to denote 
a divisor, not just a set. Roughly speaking, D{g) is the curve in P^ consisting of 
the closed points x such that either g{x) = g{y) for some y ^ x ov such that 
Tj^P^ Tg(^^yY is not injcctive. The scheme structure of D{g) comes from the fact 
that an integral curve D in D{g) will appear with multiplicity if for a general point 
a; G I? there is more than one other point y g with .9(3;) = g{y) or if g ramifies 
to high order along D. 

The following result tells us that the image of D{g) under g is equal to the 
singular locus of S* as a set. 

Lemma 2.2. Let g : V ^ W be a finite surjective birational morphism of varieties 
with V regular. Then for w G W a closed point, w is a nonsingular point of W if 
and only if the scheme-theoretic preimage g~'^{w) is a single reduced point. 

Proof. Suppose g^^{w) is a single reduced point v. Let D CZ W he a general curve 
in W through w such that is a local complete intersection in W at w and 

dimT^W - dimT^D = dimW - 1. 

By assumption, the puUback of the maximal ideal of w generates the maximal ideal 
of V. So the curve C := g~^{D) is nonsingular at v because C is cut out near v by 
the dim 1^ — 1 equations that define D near w. The morphism g\c is an isomorphism 
in a neighborhood of v because g~^{w) = v and 5|c is birational in a neighborhood 
of V. So D is regular at w, whence W is too by the above equation. 

Conversely, suppose u; is a regular closed point of W. Let A be the ring of 
regular functions on an open afhne U of W containing w, and let B be the ring 
of regular functions on the open affine g^^(U). Let m C A he the maximal ideal 
corresponding to the point w, and let M denote the multiplicative set A \ m. Then 
M~^B is the integral closure of Am = M~^A in its field of fractions. But A,n is 
integrally closed because it is regular. Therefore M~^B = Am, whence M~^B is 
a local ring whose maximal ideal is generated by m. In other words, g~^{w) is a 
single reduced point. □ 

Now let C C 5 denote the image of D{g) with its reduced structure: 

C := g(7^(g))rcd 

By Lemma 2.2, C is the maximal reduced curve contained in the singular locus 
of S. We will rule out the case degF' = 3 by comparing D{g) to g~^{C), where 
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g ^(C) denotes the scheme-theoretic preimage. So our strategy is to compare the 
multipHcity of integral curves in D{g) and g~^{C). 

Lemma 2.3. There is a cubic hypersurface Y" in such that S = Y D Y" , and 
Y" is singular along C. 

Proof. Let {Yt} be the pencil of cubic hypersurfaccs spanned by Y and Y' . Since 
It n y = 5 so long as Yt 9^ y , it suffices to show that one of the Yt is singular along 
C. 

Lcit Co be an irreducible component of C. For every point p € Co we have 
TpS = TpY because S is singular at p. Therefore TpS = TpYt for t general, and 
there is a unique t, say tp, such that Yf^ is singular at p. Only finitely many of the 
Yt are singular, so one of the Yj, say Yt^, is singular at infinitely many points of Cq. 
Hence Y^^ is singular along Cq. 

If Ci is another irreducible component of C, then Co and Ci meet at some point 
p because Co and Ci are both images of curves in P^. If Yt-^ is singular along Ci, 
then Ytg and Yt^ are both singular at p, so Y^^ = Yt^. The Lemma follows. □ 

We now assume Y' to be singular along C. 

Lemma 2.4. The scheme-theoretic preimage g~^{C) does not contain a curve of 

degree 6 or more. 

Proof. Let C = G'{yo, . . . ,y4) be the homogeneous equation for Y' in P^. Set 
Ci := Sr\V{^) and A := g~\Ci) for i = 0, . . . , 4. The A are all degree 6 plane 
curves containing g~^{C). So it suSices to show that the Di are not all equal. 

Suppose they were. Then the equations for the Di in i7"(P^, 0p2(6)) arc all 
scalar multiples of each other. These equations are the images of the partials 
under the composition 

i^"(P^0p4(2)) -^i/°(5,0s(2)) ^i/°(p2,0p2(6)) 

where p is restriction. This composition is an injection because S is not contained 
in a quadric. So the are also scalar multiples of each other, say = oa^^ 
for scalars a,. By Euler's formula, 

which implies Y' is not integral. So 5 = F fl 1" is not integral. This contradiction 
finishes the proof. □ 

Now we make several observations, which we list in the following Lemma. 
Lemma 2.5. 

(1) If A cV^ is any 2-plane, then g~^{Ari S) does not contain a curve of degree 3 
or more. 

(2) For C C C any curve, the secant variety of C is contained in Y'. 

(3) Every curve in C that lies in a hyperplane is a plane curve. 

(4) C does not contain a conic curve. 

(5) For every x € P^, g induces a nonzero map T^F"^ — > Tg(a,)y. 
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Proof. (1) follows from the fact that the preimage of every hyperplane containing 
A is a distinct degree 3 curve in P^. The preimages are distinct because S is not 
contained in a hyperplane, which is our assumption for Case 1. 

(2) holds because every line meeting Y' at two singular points is contained in Y' , 
and Y' is singular along C . 

(3) follows from (2) because Y' does not contain a hyperplane. This is because 
deg r' = 3 and Y DY' = S is integral. 

(4) Suppose C" C C is a conic curve. Then g^^{C') contains a curve of degree 
at least 2 because lines in map to either lines or cubics. If A is the 2-plane 
containing C , then A C by (2). So A n S* = A n F is a degree 3 plane curve 
consisting of C and a line. This line is the image of a curve in P^. Therefore, 
^""'^(A) contains a curve of degree at least 3, contradicting (1). 

(5) If Tj:P^ — > Tg(2;)F is the zero map, then every line in P^ through x maps to 
either a line or a cuspidal plane cubic with cusp at g{x). In particular, the image 
of every line in P^ through x is contained in Tg^^^^^Y, which is impossible by the 
assumption for this subsection that S is not contained in a hyperplane. □ 

We will describe the integral curves D that might occur in D{g) in terms of 
their multiplicity in D{g) and in the scheme-theoretic preimage g~^g(D). For this 
purpose, we recall the following definition. 

Definition. If D is an integral curve contained in a one dimensional scheme Z, 
then multjjZ will denote the length of the Artin ring obtained by localizing Oz at 
the generic point of D. 



Proposition 2.6. If D C D{g) is an integral curve with n :— deg gj^i, then one of 
the following four cases holds: 

(1) n = 1, TcmliD g^^ g{D) = 2, multp D{g) = 1, D is a nonsingular conic, and 
D is the only integral curve in g^^g{D). 

(2) n — 1, multD g~^g{D) — 1, ijmlti:) D{g) = 1, and g~^g{D) contains two 
distinct nonsingular conies D, D' . 

(3) n — 2, mult jy g~^g{D) — 1, multp D{g) ^ \, D is a nonsingular conic, and 
g{D) is a singular plane cubic. 

(4) n = 3, m\x\iD g^^ g{D) — 1, multD D{g) — 2, and D, g{D) are both lines. 

Proof. We calculate vcaxXtD D{g) as follows. First suppose that g is unramified 
along every curve in g~^g{D) in the sense that T^^P^ Tgf^-jY is injective for x a 
general point on any irreducible curve in g~^g{D). In this case, if Di, . . . , Dr are 
the distinct integral curves contained in g^^g{D), then 

r 

(2.1) multipDCg) = -l + ^degg|z3, 

i=l 

because the number of preimage points of a general point in g{D) is the sum of the 
deggli).. On the other hand, if D is the only integral curve contained in g~^g(D) 
and g is simply ramified along D in the sense that 2D is contained in g^^g{D) but 
3-D is not, then 

(2.2) mult£,D(g) = 1. 

These are the only cases that will arise in our discussion here. See [HI Section 9.3] 
for the construction of the Weil divisor D{g) representing 
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Wc claim that if D C D{g) is a line, then g{D) is a line too. So suppose D C D{g) 
is a line. By Lemma 2.5(3), g{D) is not a twisted cubic. So it suffices to show that 
g{D) is not a plane cubic. If it were, then by Lemma 2.5(2), Y' contains the 2-plane 
A spanned by g{D). Choose any hyperplane F containing g{D), and let S := my'. 
If p € r n y is a singular point of Y' away from A, then T DY' contains the cone 
Ep over g{D) with vertex p. Since A U Sp c S and T, and Sp both have degree 3, 
no such p can exist. In particular, C C A. By Lemma 2.5(1), g~^{C) is either D, 
D with multiplicity 2, or D and another line. So D(g) will have respectively degree 
0, 1, or 2, according to the formulas for multn D{g) above. However, dcg D{g) = 6. 
So g{D) is not a plane cubic. Therefore, if D c D{g) is a line, then g{D) is too. 

Now let D C D{g) be any integral curve. Using {n — 1)D C D{g) and taking 
degrees, we obtain the inequality (n — 1) degD < 6. The projection formula yields 
3deg£' = ndegg{D). Therefore, if n > 2, then 

Tl 6 

(2.3) -degg{D) = degD<^^. 

This shows n < 3 because the left hand side is an integer. Now we analyze what 
happens for each value n = 1,2,3. 

Suppose n = 3, so that deg£> = deg g{D) < 3. If degD = 3, then Lemma 
2.5(1) and (3) imply that g{D) is neither a plane cubic nor a twisted cubic. So 
deg g{D) < 2. By Lemma 2.5(4), degD ^ 2. So D, g{D) are lines, as claimed in 
Case (4). 

To sec multjj g~^g{D) = 1, suppose 2D C g^^g{D). By Lemma 2.5(5), for x £ D 
a general point, the map T^f"^ — > Tgi^^^Y has rank 1. Choose p £ g{D) general so 
that {g\D)~^{p) consists of three distinct points x\,X2-,xz S D. Through each Xi 
there is a unique line U in such that Tx^U TpS is the zero map. Each g{li) is 
either a line through p or a cuspidal plane cubic with cusp at p. In both cases, g{li) 
is contained in TpY . Now the degree 3 curve g~^(TpY) contains 2D + h + h + h- 
This contradiction proves multu .g-\g(D) = 1. 

To show mult_D D((/) = 2, it suffices by formula (2.1) to show there is no integral 
curve D' c g~^g{D) other than D. If D' were such a curve, then deg^lc = 3 deg£>' 
because g{D) is a line. So for p G g{D) a general point. g~^{p) would contain 3 
points on D and 3deg£'' points on D' . There would be 9 degD' lines joining one 
of the points on D to one of the points on D', and these lines would map to either 
lines through p or nodal plane cubics with node at p. These image curves would 
be contained in TpY, so we would have the impossible situation that these 9 deg D' 
lines would all be contained in the degree 3 plane curve g~^{TpY). So there is no 
D', and multu D{g) = 2. This gives Case (4). 

Suppose n = 2. li 2D C g~^g{D), then 2D C g~^C, which implies 2 deg I? < 6 
by Lemma 2.4. By formula (2.3), g{D) can not be a line. So D is not a line, from 
above. Hence degD = 2 and dcgg(D) = 3 by (2.3) and the fact degD < 3. Since 
g{D) has degree 3 and can not be a twisted cubic, g{D) is a singular plane cubic. 
By Lemma 2.5(1), 2D can not be contained in g~^g{D), so mult/j g~^g{D) = 1. 
Likewise, D is the only integral curve contained in g~^g(D), so multu D((j) = 1 by 
formula (2.1). This gives Case (3). 

Suppose n = 1. By (2.3), degg'(D) = 3 degD. Since g{D) is not a line, D is not 
a line. So deg g(D) > 6. If D' is another integral curve contained in g~^g(D), then 
D' C D{g). By Cases (3) and (4), degg\D' = 1 because deg(/(D') > 6. Therefore, 
degD' = 3deg5f(D) = degD. 
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If £) is the only integral curve in g^^(7(Z)), then 2D C g^^g(D) because Z) C D{g) 
and n = 1. By Lemma 2.4, g^^g(D) does not contain a curve of degree 6. So the 
only possibility is mult/j g~^g{D) = 2 and deg£> = 2 because degD > 1. Since D 
is integral, D is a nonsingular conic. This gives Case (1) by formula (2.2). 

The same reasoning shows that if D' is another integral curve in g~^g{D), then 
the maximal curve contained in g~^g{D) is D + D', and D, D' are both nonsingular 
conies. This gives Case (2) by formula (2.1). □ 

Corollary 2.7. There are distinct lines li,l2,h in such that 

D{g) = 2h + 2I2 + 2I3 
and the g{li) are distinct lines in S. 

Proof. In cases (1), (2), (3) of Proposition 2.6, D has multiplicity 1 in D{g). So 

if D{g) does not contain a line, then D{g) is reduced and D{g) C g~^{C). This 
contradicts Lemma 2.4. So D contains a line D. If L = g{D) is the image line of 
D, then D is the only curve contained in g~^L by Case (4) of Proposition 2.6. 

Now suppose D' ^ D IS another integral curve in D{g). We will show that D' 
is also a line. So suppose degD' > 1. Then g{D') is not a line by Proposition 2.6. 
Since D and D' meet at a point, so do i = g{D) and g{D'). If g{D') is contained in 
a hyperplane, then by Lemma 2.5(3), g{D') is contained in a 2-plane. So either L 
and g{D') are contained in the same 2-plane, which is impossible by Lemma 2.5(1), 
or the curve L U g{D') spans a hyperplane, which is impossible by Lemma 2.5(3). 
So g{D') is not contained in a hyperplane. 

Let p e g{D') be a general point, and let Ap be the 2-plane spanned by p and L. 
Since the cubic Y' is singular along L and at p, Ap is contained in Y'. Therefore, 
Ap n S' = Ap n F is equal to L + Qp for some conic curve Qp contained in Ap. 

If L is contained in Qp, then 2L is contained in Ap n Y. So for every point q ^ L, 
TqAp = Tq2L C TqY. Since g{D') is not contained in any hyperplane, there is no 
hyperplane that contains Ap for every p G g{D'). Therefore, dim T^y = 4 for every 
q e L because TqAp is contained in TqY for p S g{D') a general point. Since Y is 
nonsingular, one concludes that L is not contained in Q. 

If Qp is not a double line, then g~^Qp contains a curve of degree at least 2. 
This is impossible by Lemma 2.5(1), because Ap contains L and Qp. So for every 
p e g{D'), Qp = 2Lp for some line Lp ^ L. 

Therefore, g{D') parametrizes a one dimensional family of lines on Y . By Propo- 
sition 2.6, every curve in D[g) is rational, so g{D') is rational. However, the space 
of lines on Y does not contain a rational curve by Proposition 2.1. 

This proves that every integral curve in D{g) is a line, and every line in D{g) 
occurs with multiplicity 2 by Proposition 2.6. □ 

Proposition 2.8. The case dcgY' = 3 does not occur. 

Proof. We will use the li from Corollary 2.7 to give an explicit formula for g and 
derive a contradiction using this formula. 

Let Li := g{li). Each of the Li intersect the other two, but they are not all 
contained in a plane by Lemma 2.5(1). So they all meet at some point p in S, and 
TpY is the unique hyperplane containing all the L^. 

I claim the U do not all meet at a point x. So suppose there were such a point 
X, and note g{x) = p. By Lemma 2.5(5), at most one of the g\i^, say g\i^, ramifies 
at x. Therefore there are points X2 € h and X3 e h different from x such that 
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g{x2) = gixs) — p, and g maps the line I23 containing X2 and 0:3 to either a hne or 
a nodal plane cubic with node at p. In particular, gi^hs) is contained in TpY. Now 
the degree 3 curve g^^{TpY) contains ^1 + ^2 + ^3 + ^23, which is impossible. So the 
li do not all meet at x. 

Let Xij := li n Ij, and note g{xij) — p. If g|/j is not ramified at either X12 or X13, 
then there is a point x' on li different from X12, X13 such that g{x') = p, and the 
line from x' to 2:23 gives a contradiction just as the line ^23 did above. Hence each 
g\i^ ramifies at exactly one of the Xij. So the scheme-theoretic preimage g^^{p) 
consists of three copies of Spec fc[e]/(e^), one supported at each of the Xij. The 
scheme g~^{p) is contained in the scheme li + I2 + I3, but with no two copies of 
Spec fc[e]/(e^) contained in the same k because {g\ii)~^{p) has length 3, as is a 
morphism of degree 3 of nonsingular curves, and is therefore flat. Hence, we can 
choose homogeneous coordinates xo,xi,X2 on such that U = V{xi-i) and 

g^^ip) ^V{xlxi, x\x2, xlxo, xoxiX2)- 

There is a 3 dimensional space of hyperplanes in P** containing p, and these 
hyperplanes pull back to the linear system of cubics on P^ spanned by 

X^Xl, x\x2, x\xq, XoXiX2- 

Set p — (0, 0, 0, 0, 1) so that for a suitable choice of coordinates j/o, • ■ • , 2/4 on P^ we 
have 

(2.4) g = (xqXi, xlx2, xjxo, X0X1X2, 54) : P^ ^ P** 

for some homogeneous polynomial 34 of degree 3. 

Since g~^V{y3) = h + h + h, one sees that TpY = V{y3). So if G is the 
homogeneous equation for Y, then 

(2.5) G = ylys + 2/4G2 + G3 

where Gi — Gi{yo, ■ ■ ■ ,y3) is homogeneous of degree i. 

By equation (2.4), the fact that g is defined at (1,0,0) G P^ tells us that Xq 
has nonzero coefficient in 174. Considering equation (2.4), we see that XqXiX2 has 
nonzero coefficient in g*{y\y3)- Since (7(P^) C Y, g*G is the zero polynomial, so 
XqXiX2 has nonzero coefficient in g*{yiG2 + G3) by equation (2.5). The highest 
power of Xq that can appear in g*G3 is x^ by (2.4). Therefore, x'l^xiX2 has nonzero 
coefficient in g*{y4G2)- 

The highest power of xq that can appear in a monomial of g*G2 is Xq, and this 
necessarily occurs in the monomial gQ = Xqx\ . So if xj^ appears in a monomial of 
g*{y4G2) = (74.g*G2, then that monomial is XqX^, not XqXiX2- This contradiction 
shows that degF' 7^ 3. □ 

Case 2. By Proposition 2.8, the image of g : P^ — * F is the surface S := Y r\Y' , 
where Y' is a hyperplane in P**. We will derive a contradiction, thus proving 
Theorem 2. 

The morphism (5 : K — > Y* sending a point p to the hyperplane TpY is given by 
an ample invertible sheaf on Y , since 0y(l) generates PicF by the Grothendieck- 
Lefschetz Theorem, Theorem 4.3.2]. So 5 is a finite morphism. In other words, 
no hyperplane in P* can be tangent to Y at infinitely many points. Therefore S is 
a cubic surface with isolated singularities. 
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For s e 5 a general closed point, let {Et} be a general pencil of hyperplane 
sections of S containing s, and let E'^ := g~^{Et). Then Et and E[ are both smooth 
plane cubics for i G general. 

Since : — > 5 has degree 3, we can set g~^{s) = {a, fe, c}. Then {E[,a) — »■ 
{Et , s) is an isogeny of elliptic curves of degree 3 for t general. Note that 6 is a 
3-torsion point of E'^.. 

Let E' C'P'^ X p2 and E c Pi X 5 be the total spaces of the families {E'^} and 
{Et} over the base P^, and consider the diagram 

E' — > P2 

ig' ig 

E ^ S 

where g' is the restriction of idpi x gr to i^' C P^ x P^. 

Let C be the generic point of P^, and let E'^, E(^ be the fibers oi E' , E over ^ e P^. 
Then A := Q x a and B := x h are C- valued points of E'^, and B is a 3-torsion 
point of the elliptic curve (S^, A). Hence P i—^ P + B gives an automorphism of 
E'^ over i?^ of order 3 that extends to some birational self-map ip : E' --^ E' oi 
E' over E. In other words, g' = g' o ip as rational maps. The horizontal arrows in 
the diagram above are birational morphisms. So ^ induces an order 3 birational 
self-map : P^ --■> P^ of such that g = g o cj) as rational maps. Therefore 4> is 
an automorphism of P^ by the following lemma. 

Lemma 2.9. /f : P^ P^ is a birational map and g : W'^ ^ S is a dominant 
morphism to a surface S such that g o (j) = g as rational maps, then 4> extends to 
an automorphism ofF^. 

Proof. Let U C P^ be the domain of definition of (j). Then U is the compliment 

of finitely many points in P^, and Pic [/ is generated by 0(7(1), the restriction of 
0p2(l) to U. From g o (jj = g it follows that (/)*£/*0s(l) = g*0s{l)\u- In other 
words, ^*0p2(3) = 0c/(3). Therefore ^*0p2(l) = 0(7(1). 

Since cj) is dominant, (/):[/ ^ P^ is given by three linearly independent sections 
cro,f7i,(T2 of 0(7(1), and these sections are the restriction to U of sections ro,Ti T2 
of 0p2(l). The Ti are linearly independent, and hence there is no point where they 
all vanish. So extends to the automorphism (tq, n, T2) of P^. □ 

Since (j) has order 3, its matrix is one of the following after being placed in Jordan 
form and scaling: 





"1 




"1 




p 


or (f) = 


P 




p_ 




P\ 



where = 1, p ^ 1. Fix an identification of Y' with P^ so that we can write g : 
P^ — > C F' as ((^0, • ■ • , 53) for some degree 3 polynomials gj. Then (50, • ■ • , 53) = 
{(l)*go,...,(j}*g3)- So each of the gi are eigenvectors of 0* : H'^{¥'^, 0(3)) ^ H^iF"^, 0(3)) 
with the same eigenvalue. 
Suppose 

" 1 



Then the following are a basis for each of the eigenspaces of (p*: 
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3 3 3 2 2 
2 2 

XqxI, XqxI, X0X1X2 



Since 5 is not a 2-plane in P^, the eigenspace containing the 5, has dimension at 

least 4. So the gi all have eigenvalue 1. 
Now consider the morphism 

h = (xl, xl, xl, xlx2, xixl) : P^. 

The image surface S' of /i is a cone over a twisted cubic curve T' with vertex 
(1,0,0,0,0). The morphism 5 : P^ ^ F' ^ P^ is the morphism h followed by 
projection TTp from some point p. Projection maps lines to lines, so the image S of 
(/ is a cone over some cubic plane curve T. The curve T is singular because it is the 
image of a rational twisted cubic curve. Therefore, S is singular along a line. We 
already saw that S has only finitely many singularities. This contradiction rules 
out the first possibility for (f). 
Therefore 

" 1 

P 

So the following are bases for the eigenspaces of ( 



333 

^0' *^25 XQXxX'i, 

2 2 2 

X{^X\^ '^0*^2' ^1^2 



2 2 
XqXi, XqX-^, 



X\X-2^ 



The eigenspace containing the gi has dimension at least 4. So (/ : 



Y' 



the morphism (xq. 



\, X{^x\X2)- Embed Y' in P** as Viy^) so that g : ^ 



IS 

m)4 



has the form claimed in Theorem 2. 



3. MORPHISMS FROM QuiNTIC TO CUBIC THREEFOLDS 

In Section 3.1 we discuss preimages of lines on Y under the rational map H — -> 
Y . Section 3.2 gives some information about H in case it has a component that does 
not map dominantly onto Y . In Section 3.3, we consider the various possibilities 
for H and rule them out case by case. When H is integral, the results of Section 3.1 
will be the main tool. When H is more degenerate. Theorem 2 will play a central 
role. 

3.1. Preimages of Lines on Y . First we will prove a basic fact about how the 
dualizing sheaf of a curve behaves under normalization. Then we will discuss the 
family of lines on Y and what can be said about the preimage in if of a general 
line in Y . The main result is Corollary 3.6. 

Lemma 3.1. Let C he a 'projective Gorenstein scheme of pure dimension 1 that is 
reduced at the generic point of one of its irreducible components C . If v : C ^ C is 
the normalization map of the reduced structure on C and N is the number of points 
p G C such that the map of local rings &c,v{p) ~* ^c,p Z'^*'* ^''^ isomorphism, 
then 
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If N = 0, then equality holds. 

Proof. Following Ex. 3.7.2], we compute 

^ Home (i^* 0(5, 0c) «)0c 

as 0,=,-modules. Since uj^, and lu^ are invertible. Home (i^* 0,5, 0c) is an invertible 
sheaf of 0,5-modules. So it is enough to show that Homc(i^*0c, 0c) is isomorphic 
to an ideal sheaf in 0^ corresponding to a closed subscheme of C supported at the 
points where v : C C fails to be an isomorphism. 
Consider the map of local rings 

for some closed point p G C. We will show that llomA{B,A) is an ideal in B and 
is the unit ideal if and only if A — > B is an isomorphism. 

Note that B is the normalization of A/P in its field of fractions, where P C A 
is the prime ideal of C C C. Consider the map of _B-modules 

$ : RomA{B,A) — > B 

that sends i/j £ IlomA{B,A) to the equivalence class ipil) of "0(1) in A/P, which 
injects into B. 

If $(V') = 0, then ^/'(l) e P, whence tp{B) is contained in the ideal P C A. 
In other words, i/' is a local section of the 0c'-module llomc{i^*0(j,0c) defined 
in a neighborhood of ^(p) in C such that ip vanishes on the reduced structure of 
C". If we consider Homc(i^*0|5, 0c) as an 0p-module, then i/j is a local section 
defined on a neighborhood of p in C, and V' vanishes at all but finitely many points 
in the neighborhood. Since Iioiaic{i'*0Q, 0c) is an invertible 0(=,-module, ■0 = 0. 
Therefore is an injection of i?-modules, whence Hom^(i3,^) is realized as an 
ideal in i3. It remains to check that A ^ B is an isomorphism if and only if $ is. 

If ^ — > _B is an isomorphism, then $ is clearly an isomorphism. Conversely, 
suppose <& is an isomorphism. Then there is some tp G Hom^(i3,v4) such that 
= 1, i.e. '0(1) — 1 G -P- Therefore '0(1) is a unit in A because A is local. 
Hence : HomA(-B,^) — > A given by 1-^ 0(1) is surjective because it is a 
morphism of yl-modules. Note that $ factors as ^ followed hy A ^ B. Since ^ is 
surjective and is injective, we conclude that A B is injective. And since $ is 
surjective, ^ — > _B is surjective. □ 

Lemma 3.2. There are only finitely many closed points p €z Y such that there are 
infinitely many lines on Y through p. 

Proof. Suppose not. Then there is a curve C C Y such that for every point p G C 
there are infinitely many lines on Y through p. So for every p G C there is an 
irreducible component Tip of Y H TpY such that Sp is a cone over a plane curve 
with vertex p. 

Recall from or PS| that the family Ai of lines on Y is an irreducible surface, 
so a dimension count shows that every line on Y lies on one of the surfaces Sp for 
some p ^ C. Also recall from that a general line i in F has normal bundle 

Nl/Y = 0L®0L. 

Fix a general line L on Y, lying on Ep. There is some 2-plane A that is tangent 
to Sp at every point of L on account of Sp being a cone. Therefore TqA C TqY for 
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every q E L. It follows from Nakayama's Lemma that these pointwise inclusions 
give an injection Ta|l Ty\l of 0L-modules. Note that Ta\l = 0l(1) © 0l(2), 
and consider the normal bundle sequence 

^ Ti ^ Ty|L ^ 0L ® 0L — > 0. 

By the above description of TaIl, the composition 

Ta\l-^Ty\l^0l®0l 
is the zero morphism. So hercj) has rank at least 2, contradicting ker0 — T^. □ 

We will need the following modification of 13, Lemma 2.1]. 

Lemma 3.3. Let g : Z ^ Y he a morphism from a purely 3 dimensional separated 
scheme of finite type over the ground field. If L is a general line on Y , then g^^{L) 
has pure dimension 1. 

Moreover, if Z is integral and g is dominant, then g^^{L) is singular at only 
finitely many points. In other words, g~^{L) is reduced at the generic point of each 
irreducible component. 

Proof. Let F be the total space of the family of lines on Y with base A. From |13j . 
A is a smooth surface, and there is some open subscheme Ag in A with preimage 
Fo in F such that Fq is a locally trivial fiber bundle over Aq, whose fibers are lines 
in Y. 

Let Zq be the union of the surfaces in Z that are mapped to points in Y, let Zi 
be the union of the curves on Z that are mapped to points in Y, and let Z2 be the 
set of points in Z at which g fails to induce an injection on tangent spaces. Note 
that Z2 contains the singular locus of Z. 

Note that g^Z^) has dimension at most 1, and g{Zi) has dimension at most 2. 
Since the canonical morphism Fq — > 1" is dominant, a general line will meet g{Zi) in 
only finitely many points. Also, if a general line meets g(Zo), then g{Zo) is a curve 
such that for every point p € giZo) there are infinitely many lines on Y through 
p. This contradicts Lemma 3.2. So a general line does not meet g{Zo). Therefore, 
g~^{L) has pure dimension 1 for L a general line on Y. 

Now suppose that Z is integral and g is dominant. Then dim g(Zi) < i for i — 
0, 1, 2. We use the characteristic zero assumption of this section to get dim 3(^2) < 
2. So a general line will meet giZ^) in only finitely many points, and will not meet 
g{Z(i) and g{Zi) at all. Hence g~^{L) is nonsingular away from the preimage of 
L n g{Z2), which consists of only finitely many points. □ 

Definition. If Z is any scheme and F : Z P" is a rational map given by 
sections Fq, . . . , F„ of some line bundle on Z, then let indet{F) denote the scheme 
of common vanishing of the Fi in Z: 

indet{F) := V{Fo, . . . , F„) C Z. 

Lemma 3.4. Take F is as in the definition, and let tt : Z ^ Z be the blowup of Z 
in indet(_F). Then there is a canonical morphism F : Z such that F = F o tt 

as rational maps. Moreover, if p £ indet(-F) is a closed point, then F induces a 
closed immersion ofTT^^{p) into P". 
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Proof. Recall that Z is isomorphic to the closure of the graph of F, Ff C Z x P". 
Thus projection onto P" induces the desired morphism F : Z ^ P". If p G 
indet(F) is a closed point, then 7T~^{p) is a closed subscheme of p x P", which maps 
isomorphically onto P" by projection. □ 

Lemma 3.5. If p (z indet(-F) is a closed point, then p ^ H is a point of order at 
least 3. 

Proof. Let F = {Fq, . . . , F4), and let Y have homogeneous equation G. Since the 
Fi vanish at p and G has degree 3, G{Fo, . . . , F4) vanishes to order at least 3 at p. 
In other words, p S F~^{Y) is a point of order at least 3. But p is contained in H 
and not X. The lemma follows. □ 

If L is a general line in Y with L ^(^11^21^3) for some linear forms ^ on P"*, 
then define 



F-\L) 
G 
D 



^V{F*Ci,F*^2,F*^3) 
F-\L)nH 

= F-\L)nx 



If _ff — > is the blowup of H at the indeterminacy scheme indet(F|//) and h : 
H Y is the resulting morphism, then Lemma 3.3 says that h^^^L) is purely 
one dimensional, so the same holds for G . Lemma 3.3 implies D is also purely one 
dimensional. So F^^{L) is a complete intersection in P"*. 

Lemma 3.6. With G as above, ujq = 0c(— !)• 

Proof. Since F^^{L) is the complete intersection of three cubic hypersurfaces in 

P4, 

^F-HL) = 0F-i(L)(-5 + 3 + 3 + 3) 

= 0F-i(L)(4). 

Following [SJ Ex. 3.7.2], compute 

ujc = HomF-i(L)(0c,t^F-i(L)) 

= HomF-i(L)(0C, 0F-i(L)) ® &F-^L){^)- 

Therefore, if Ici Id C 0f-i(l) denote the ideals of C, D C F^^{L), then it suffices 
to carry out the following computation 

(3.1) HomF-i(L)(0c, &F-HL)) - (0 : Ic) 

(3.2) ^ Id 

(3.3) ^&c{-CnD) 

(3.4) =0c(-5). 
The isomorphism (3.1) is given by ip "0(1)- 

To see (3.2), note that D is Cohen-Macaulay since it is a local complete inter- 
section in X and X is C.M., as L is a l.c.i. in Y. It follows that C and D are linked 
because F~^{L) is Gorenstein, cf. 5, Theorem 21.23]. 

To see (3.3), we will show that 

, Id+Ic 
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is an isomorphism of 0c-modulcs, i.e. Id Ci Ic = 0. So lot a be a local section of 
Id n Ic, which is necessarily supportc;cl on C Ci D. We will show a = 0. 

Let A = &F-^(L),p for some closed point p G CCiD with maximal ideal m. Let b 
denote the image of a in A. Some power of m annihilates b because b is supported 
at p. Therefore m is the annihilator of some nonzero multiple of b, provided 6 7^ 0. 
So m is an associated prime ideal of A. But A is CM. and one dimensional, so 
every associated prime is minimal. Hence b = after all. Therefore a = because 
its localization is zero at every point. 

The isomorphism (3.4) follows from CnD = CnX. □ 

Corollary 3.7. IfC := F-'^{L)r\H is reduced at the generic point of an irreducible 
component C , then C is either a smooth plane conic disjoint from the rest of C , 
or C is a line meeting the rest of C at only one point. 

Proof. This is immediate from Lemma 3.1 and Lemma 3.5 because the degree of 
the dualizing sheaf of a smooth curve is at least —2. □ 

3.2. A Multiplicity Result. The following result holds in arbitrary characteristic 
and will be used in the next subsection. 

Lemma 3.8. Let Z be the reduced structure on an irreducible component of H . 
Assume m < d. If F\z : Z Y is not dominant, then 2Z C H as divisors in P". 

Proof. Suppose F does not map Z dominantly onto Y. Then Z is covered by curves 
that are mapped to points under F. So suppose that C C is an integral curve 
with F{C) = (1, 0, .... 0) for simpHcity, and let / C 0p" be the ideal sheaf of C. If 
F = {Fo,..., Fn), then Fi G ff°(P", /(m)) for i > 0. We show that H is singular 
along C. 

Let K £ 77" (P", /(em — d)) be the homogeneous equation for H. Let J^^^ C 0p" 
be the ideal such that I/l'-'^^ = (///^) /torsion. Then K induces a section K £ 
ilO(P", ///(2)(em - d)). We will show K = 0. 

If G = G{yo, ■ ■ ■ , Vn) is the homogeneous equation of Y, then we can write 

G = Vo'^Gi H h yoGe-i + Ge where the Gi = Gi{yi, ...,yn) are homogeneous 

of degree i. So the homogeneous equation of F~^{Y) = X + H is 

(3.5) F*G = F^-^F*Gi + F^-^F*G2 + ... 

where F*G = G{Fo, . . . , F„). 

Let D be the Cartier divisor V{Fq~^) flG on G. Note that D is disjoint from X 
because D is supported on Gfl V(Fo, . . . , F„) and V{Fo, . . . , Fn) is disjoint from X. 
So from (3.5) it follows that K restricts to the zero section on D because Fo~'F*G, 
restricts to zero on G for i > 2, and Fq~^ restricts to zero on D. 

Tensor the exact sequence 

— > &c{-D) —>0c-^&D — ^ 

with I/l'^'^\em - d) and use 0c{-D) = Qci-mie - 1)) to obtain 

7//(2)(m -d)^ I/I^'^\em - d) I/I^'^^ 0D{em - d) ^ 

To see that r is an injection, note that r is multiplication by F^~^, which is a unit 
in the local ring of almost all the points of G. Therefore r could only have torsion 
elements in its kernel. But I/I^'^\em — d) is a torsion-free sheaf. So r is injective. 
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Since p{K) — 0, K is the image of a section 

K e H^iC I/I^'^\m-d)). 

From the conormal sequence of C in P", we get a morphism I/l'^^^{m — d) ^ 
flpnlciiTT- ~ that is an injection on the regular locus of C, and is therefore an 
injection because I / I^'^\m — d) is torsion-free. 

The sheaf r2p„|c'(m — d) has no nonzero global sections because of the injection 
^fn\c{'m—d) 0p,. (m— c?— 1)®"+-^ from the Euler sequence. Therefore, I/I^'^\m~ 
d) has no nonzero global sections. So K — 0, whence K = Q. Therefore K G 
irO(P",/(2)), which implies H is singular along C. Since Z is covered by such 
curves, H is singular at every point of Z. This is only possible li 2Z C H as 
divisors. □ 

3.3. Morphisms from Quintic to Cubic Threefolds. Recall the decomposition 
F~^{Y) — X + H from Section 1. We will consider the various possibilities for H 
and rule them out one at a time, thus proving Theorem 1. 

Proposition 3.9. H does not contain a hyperplane in P** that maps dominantly 
onto Y . 

Proof. Suppose Z C H is a. hyperplane that maps dominantly onto Y. If we restrict 
F to any P^ contained in Z, then F\p2 is described by Theorem 2. In particular, 
F(p2) is the intersection of Y with a hyperplane tangent to y at 3 points. The 
family of 2-planes contained in Z and the family of tangent planes to Y both have 
dimension 3, so a general tangent plane to Y is tangent to y at 3 points. However, 
since Y is a nonsingular hypersurface, a general tangent plane to Y is tangent at 
only one point, cf. 4, Lemma 5.15]. □ 

Corollary 3.10. If K is a hyperplane contained in H, then 2K C H, and we can 

choose coordinates xo, . . . , X4 on the P"* containing K such that K — V{x4) and 
F\k is given by the formula 

F\k = (a;o, x\, xl, XQXIX2, 0) 

Proof. By Lemma 3.7 and Proposition 3.8, 2K C H . 

Since F\k is not dominant and K = P'^, F\k can not be a morphism. Choose 
a point p in the indeterminacy locus oi F\k- Let t: : K ^ K he the blowup of K 
at the indeterminacy scheme indet(_F|;f ), so that the rational map F\k extends to 
a morphism <^ : K where S is the image surface of K under F . By Lemma 

3.4, iT~^{p) maps isomorphically onto S under the morphism <&. So for s 6 5* a 
general point, $^^(s) is a curve in K that meets 7r~^(p). Therefore the preimage 
of s under F\k is a curve in K through p. 

If A is any 2-plane in K disjoint from indet(F|/<-), then FjA is described by 
Theorem 2. In particular, for s ^ S any nonsingular point, the preimage of s in A 
consists of three reduced points. Therefore the preimage of s in if consists of three 
distinct lines that are reduced away from indet(i^|x)- Indeed, if the preimage of s 
in K contained a curve other than a line, we could choose A such that F|^^(s) was 
not 3 reduced points by choosing A to be tangent to ^"1X^(5) at a point but not 
contain any component of i^|^^(s). 

So there is a two parameter family of lines in K that are mapped by F to points 
in S. Every such line meets indet(f |if ), which consists of finitely many points. So 
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there is some point p G indet(i^|if ) such that there is a two parameter family of 
hnes in K through p that are each mapped to a point in 5* under F. 

A hne L is mapped to a point by F exactly when the scheme L n indet(F) 
has length 3 because F*0(1) = 0(3). Since a general line in P'* through p meets 
indet(_F) in a scheme of length 3, the same holds for every line through p. So every 
line through p is mapped to a point. Therefore, F\k is determined by F\\ for 
any 2-plane A in X not containing p. Theorem 2 determines F\\. If one takes 
p — V{xq,xi,X2) and A = Vix^), where xq,. .. ,X3 are homogeneous coordinates 
on K, then F\k has the desired form. □ 

Proposition 3.11. H is not equal to Q + 2K for an integral quadric Q and a 
hyperplane K . 

Proof. Suppose H = Q + 2K. By Corollary 3.9, F\k factors through projection 
from some point p E K. By Lemma 3.5, H has order at least 3 at every point in 
indet(_F). So every point in indet(_F) is in H Q. Hence, p is the only point in 
indet(_F) because it is the only point on K where F is undefined. 

The map F\q is dominant by Lemma 3.7. Let tt ; Q ^ Q be the blowup of 
Q at the indeterminacy scheme indet(_F'|g), and let q : Q ~> Y he the resulting 
morphism extending F\q. Apply Lemma 3.3 to q to see that for L a general line, 
q~^{L) is reduced at the generic point of each of its irreducible components, whence 
the same is true for Cq :— F~^{L) n Q. 

By Lemma 3.4, g is a closed immersion when restricted to 7r~^(p). Since q{'K~^(p)) 
is an effective divisor on y, it is ample by the Grothendieck-Lefschetz Theorem, |H| 
Theorem 4.3.2]. So every line in Y meets q{TT~^{p)). Therefore, Cq has an irre- 
ducible component Ci containing the point p. By the same argument, F~^{L) n K 
has an irreducible component C2 that contains p. Since L is a general line on Y, 
which is covered by lines, L is not contained in the image of if fl Q. So Ci ^ C^- 
By Lemma 3.6, lo'q = 0c(— 1). Since C has more than one irreducible component 
than contains p. Lemma 3.1 shows that every irreducible component of Cq that 
contains p is a line because the dualizing sheaf of every smooth curve is at least —2. 
So Q is covered by lines through p, and these lines are parametrized by a general 
hyperplane section QnP'^ of Q. Because the line L C F is general, dimQnP^ = 2, 
and dim A — 2, where A is the space of lines on F, we conclude that every general 
line on Q through p maps to a line on Y . Hence the rational map F\q : Q Y 
induces a rational map QCiF^ --^ A. However, A does not contain a rational curve 
by Proposition 2.1. This contradiction finishes the proof. □ 

Lemma 3.12. If L is a line in P"* such that L n indet(i^) is nonempty and is not 
a single reduced point, then L is contained in H . 

Proof. Suppose L intersects indet(F). Then Lnindet(F) is zero dimensional, so its 
structure sheaf has finite dimension A over the ground field k. So the rational map 
F\l is given by 0pi (3 — A) after F\l is extended over the points of indeterminacy. 
The intersection L f) indet(i^) is a single reduced point exactly when A = 1. 

If A ~ 2, then F maps L isomorphically onto a line. This is impossible if L is 
not contained in H because L would meet X in a scheme of length 5 while F{L) 
would meet y in a scheme of length 3. If A = 3, then F{L) is a point in Y, so 
L C H. This completes the proof because A < 3. □ 

Proposition 3.13. H is not 2Ki + 2K2 for distinct hyperplanes Ki and K2. 
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Proof. Suppose H — 2Ki + 2X2- According to the formula of Corollary 3.10, 
there are points pi e Ki such that F\Ki factors through projection from pi, and 
the tangent space to the indeterminacy scheme indet(i^|A-J at Pi is equal to the 
tangent space of Ki at pi. 

We claim pi 7^ p2. Indeed, if p = pi = p2, then TpKi ^ TpK2 because the 
Ki are distinct hyperplanes. So indet(i^) would have a four dimensional tangent 
space at p. But now every line in through p meets indet(i^) in a scheme that 
is nonreduced at p. So Lemma 3.12 implies that every line in through p is 
contained in H. This is impossible because H is not all of F^, so pi ^ P2- 

Let L be the line containing pi,p2- By Lemma 3.5, H has order at least 3 at 
both Pi, so pi,P2 & KiC] K2- Therefore, L C KiCi K2, so that L meets indet(i^) in 
a scheme of length 6, which is impossible because L n indet(F) can have length at 
most 3. □ 

Proposition 3.14. H does not contain a hyperplane. 

Proof. The only case left to rule out is if = 4iC. So suppose H = AK. We will lift 
the polynomials that give F\k from K to its second infinitesimal neighborhood 2K 
and then derive a contradiction. 

Using Corollary 3.10, we choose homogeneous coordinates xq, . . . , 0:4 on such 
that K = V{x4) and 

(3.6) F = {xl + Xiqo, x\ + Xiqi, x\ + X4q2, xoX\X2 + XiQs, X4qi) 

for some homogeneous polynomials qi of degree 2 in the Xi. Let yo,---,y4 be 

homogeneous coordinates on the target P'*. Since YOY' is the image oi K = V{x4) 
we see Y' = V{y4,), and YnY' = V{y4, 2/02/12/2 — 2/3)- So Y is given by the equation 

G := 2/02/12/2 - 2/3 + y4G2 

for some homogeneous G2 of degree 2 in the yi. 
Since 2K G H, X4 divides the puUback 

F*G = {xl + X4qo){xl + X4qi){xl + X4q2) 
- {X0X1X2 + X4q3)^ + X4q4F*G2 
= X4{qoxlxl + qiXQxl + q2XQxl - Sq^x^xlx^ + q4F*G2) 
+ 2:4 (other terms) 

Therefore X4 divides 

(3.7) qoxlxl + qixlxl + q2xlxl - 2,q3xlxlxl + q4F*G2 
Using the notation 9, := the partial derivatives of G are 

doG = 2/1J/2 + yid(jG2 
diG = yoy2 + yidiG2 
d2G = 2/02/1 + 2/492G2 
d^G = -31/1 + 2/493G2 
94G = G2 + 2/494G2 

It follows that V{yoyi, 2/02/2, 2/i2/2) 2/3, 2/4, G2) is empty because it is contained in 
the singular locus of Y. Hence y(G2) does not contain the point (1:0:0:0:0). 
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In other words, j/g appears with nonzero coefficient in G2. Therefore by equation 
(3.6), Xq has nonzero coefficient in F*G2- 

Moreover, qiF*G2 is the only term in formula (3.7) in which Xq can occur because 
the qi have degree 2. Since (3.7) is zero (mod X4), the Xq term in (3.7) disappears 
when considered (mod 0:4). This can only happen if Xi divides 94. Further con- 
sideration of (3.7) shows that there are scalars ao, 01,02 such that the following 
equations hold (mod x^): 

qo = aoxl 

qi = a-ixl 

92 = a2xl 

93 = ^ {aoXiX2 + aiXoX2 + 02X0^1) 

94 = 

Therefore, equation (3.6) yields 

Fo = xl + aoXixl + x\ho 
Fi= x\ + aiXixl + x\hi 
F2=X2 + a2XiX% + x1h2 

F3 = X0X1X2 + ^X4{aoXiX2 + aiXoX2 + a2XoXi) + xlh^ 
F4 = 0:4/14 

for some homogeneous linear polynomials hi in xo, . . . , 3:4. 
As H = AK is contained in F~^{Y), x\ divides 

F*G = F0F1F2 - Fi + FiF*G2. 

Since F*G has degree 9, the monomial .Xq-^I can not appear with nonzero coefficient 
in F*G. On the other hand, the monomial Xq does have nonzero coefhcient in F*G2- 
So Xq must appear in a monomial with nonzero coefficient in 

r (jr — r^r (jr2 — rQr\r2 — ^3 • 

However, by the formulas for Fg, ...,^3 given above, the highest power of xq that 
can appear is .Tq. This contradiction finishes the proof. □ 

Lemma 3.15. Every point p G indet(f ) is a point of order 3 on H. 

Proof. Let Tp denote the tangent space of the indeterminacy scheme indet(F) at 
some closed point p S indet(i^). If L is a line in P"* tangent to indet(F) at p, then L 
is contained in H by Lemma 3.12. Proposition 3.14 asserts that H does not contain 
a hyperplane, so Tp can have dimension at most 2. 

By Lemma 3.5, H has order at least 3 at p. So we only have to rule out the case 
ordp H = A. 

Suppose p G indet(F) is a point of order 4 in H, so that is a cone over p. Let 
TT ; p4 ^ p4 be the blowup of P'' at indet(F), and let : P"* ^ y be the resulting 
morphism that extends F. Let Ep = 7T~^{p) be the preimage of the reduced point 
p. Since the dimension of Tp is at most 2, if li and I2 are two general lines in P^ 
through p, then the scheme h U I2, which is contained in a 2-plane, meets indet(i^) 
in the reduced point p. So the strict transform of h U I2 is the blowup of h U I2 at 
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p, which is the scheme-theoretic intersection hClh- Therefore the strict transform 
of li U I2 is the disjoint union of the strict transforms li and I2 of li and l2- In 
particular, a general line I in P*^ through p determines a point on Ep, and distinct 
general lines yield distinct points in Ep. Hence Ep has an irreducible component 
E'p that is the birational image of the space P'^ of lines in P''^ through p. 

If I is the strict transform of a general line I in P"* through p, then I meets 
F^^{Y) in a scheme of length 6. Indeed, the morphism F\i is given by sections of 
the line bundle 0pi(2) because the rational map F\i is given by 0pi(3) and has 
indeterminacy scheme equal to a single reduced point. When the indeterminacy 
is resolved the resulting line bundle is 0pi(2). The Cartier divisor F^^{Y) is the 
puUback of the degree 3 divisor Y. So F~^(Y) has intersection product 6 with the 
curve I. ^ ^ 

Moreover, Ep maps onto F, as follows. If H is the strict transform of in P'', 

then H intersects Ep in a scheme of dimension 2. In particular, Ep is not contained 
in Ep n H. For I a general line in P'* through p, I only meets H dX p because H is 
a cone over p. So the strict transform I of I does not meet H . 

Since I meets the strict transform X of X in a scheme of length 5 and I does not 
meet iJ, the other point of I fl F~^(Y) lies in Ep and therefore in Ep. So F maps 
Ep isomorphically onto Y because F gives a closed embedding of Ep into P** by 
Lemma 3.4. This is a contradiction because Ep is rational and Y is not. Therefore 
every point p G indet(F) is a point of order 3. □ 

Proposition 3.16. H is not 2Q for an integral quadric Q. 

Proof. By |14, Proposition 2.2(2)], Y is not the image of a morphism from a hy- 
persurface in P^ of degree 2, so i^jg is not a morphism. Let p £ indet be a closed 
point, li H = 2(5, then every closed point in Q has order 2 or 4 in H . By Lemma 
3.5, p is a point on H of order at least 3. So p has order 4, which is impossible by 
Lemma 3.15. We conclude H ^ 2Q. □ 

Proposition 3.17. H is not Qi + Q2 for distinct integral quadrics Qi and Q2. 

Proof. Suppose H = Qi + Q2. By Lemma 3.8, the Qi map dominantly onto Y. 
Therefore, by Lemma 3.3 applied to the blowups of Qi and Q2 at the indeterminacy 
schemes of F\q-^ and FIq^, for L a general line in Y, C F^^{L) D H is reduced 
at the generic point of each of its irreducible components. 

By Lemma '14, Proposition 2.2(2)], F\q-^ can not be a morphism because degY > 
2. Pick p £ indet(F|Qj). By Lemma 3.15, p is a point of order 3 in H, so Q2 
contains p. I claim that C has an irreducible component contained in each of the 
Qi through p. Indeed, if ni : Qi —> Qi is the blowup at indet(_F|Qj, and qi : Qi ~> Y 
is the resulting morphism, then a general line LinY will meet qi(TT^^(p)). So the 
preimage of L in Qi passes through p. 

Therefore, by Corollary 3.7, the connected component of C containing p is the 
union of two lines through p, one line contained in Qi and the other in Q2. But 
now each of the Qi contain a two parameter family of lines through p because Y 
is covered by a two parameter family of lines. So both the Qi are cones over p, so 
that p is a point of order 4 in H. This contradicts Lemma 3.15. □ 
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The following Lemma will be needed to analyze the preimage in of a general 
line in Y in the case where H is integral. 

Lemma 3.18. Let tt : F — »• B be a projective morphism with B integral. Suppose 
a : B ^ ¥ is a section of it, and for each b Cz B the connected component ¥h of 
Tr~^{b) that contains a{b) is irreducible. Then [Jf,¥h is an irreducible component of 
F. 

Proof. Let ¥ ^ B' B he the Stein factorization of tt. So tt' has connected fibers, 
and g is finite. Then tt' o cr is a section of g, and {tt')~^{tt' o (t)(6) — ¥{,. Notice 
that (tt' o a){B) is an irreducible component of B' because they have the same 
dimension. Since {n')~^{7r' o a{B)) has irreducible fibers F^ and B is irreducible, 
(ttO'^tt' o (j{B)) = U;, Fft is irreducible. □ 

The only case left to rule out is when H is integral. 

Theorem 3.19. H is not integral. 

Proof. Suppose H is integral. By Lemma 3.8, F\ff is dominant because H has 
multiplicity 1 in F^^(Y). However, F\h can not be a morphism, because if it were 
then Table 1 in the Appendix would imply that the polynomial degree m oi F 
would be at most 2, not 3. Choose p € indet(i^) a reduced point. 

Let L be a general line in Y, cut out by the linear forms ^1,^2,^3 in Define 

F-\L) F*^2, F*^3) 

C{L) := F~^{L)nH 

D{L) := F-\L)r]X 

By Lemma 3.3, C = C{L) and D = D{L) are reduced at the generic point of each 
of their irreducible components, and 

Since the linear forms F*$_i vanish on the indeterminacy scheme indct(i^) := 
V{Fo, . . .,F4), indet(F) is contained in F-\L) = CUD. Therefore, indet(F) is 
contained in C because indet(F) does not intersect D, as D is contained in X. 
By Corollary 3.7, the connected component of C that contains p is cither a smooth 
quadric curve or the union of two lines meeting at some point. According to Lemma 
3.15, p is triple point on H, so that H is not a cone over p. By Corollary 3.7, the 
connected component of C that contains p is a plane conic. Since H is not a cone 
over p, Y has a two dimensional family of lines, and L is a general line on Y, the 
connected component of C that contains p is a smooth plane conic. 

Let B be an open subscheme of the space of lines in Y such that for every L £ B, 
every component of C(i) that meets indet(F) is a smooth plane conic. For L G B, 
F~^{L) has degree 27, and D{L) has degree 15. So C{L) has degree 12 and is the 
disjoint union of 6 reduced plane conies. 

Choose a general Lq G B, and let Ci(Lo), • • • ,Cq{Lq) be the connected compo- 
nents of C{Lq). Let Ci := Ci{Lo) H indet(F), and let A(Ci) denote the length of 
the zero dimensional scheme Q. The polynomial degree of F is m = 3, Ci(Lo) has 
degree 2, and Lq has degree 1. So the restriction Ci(Lo) Lq of F to Ci{Lo) has 
degree 6 — A(Ci)- Therefore degF\H is the sum of the degF|cj(Lo)- 

6 

(3.8) degF|H = ^6-A(Ci). 

i=l 
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Now number the Ci(Lo) so that A(Ci) > • • • > A(C6), and let p bo a closed point 
of (i. Let ¥ C B X H he the total space of the family tt : ¥ ^ B whose fiber over 
L £ B is C{L). The closed subscheme i? x p c F is a section of tt. So 

Fi := U Ci(L) 

is an irreducible component of F by Lemma 3.18. 

Notice that there is a morphism F Bh, where Bh is the space of quadric 
plane curves in H that contain p, given by sending a point {L,x) g¥ C B x H to 
the irreducible component of C{L) that contains x. The fibers of F — > Bh are one 
dimensional and dimF = 3. So the image in Bh of the intersections of the various 
irreducible components of F has dimension at most 1. Hence there is at most a one 
dimensional space of lines in Y such that C{L) has a component corresponding to 
a point in Bh whose fiber in F lies in more than one irreducible component. So by 
generality of Lq € B, Fi is the only irreducible component of F that has nonempty 
fiber over the point Ci(io) S Bh- Therefore, the irreducible component Fi of F did 
not depend on the choice of p G Ci because for any p € (i the connected component 
of C{Lo) that contains p is Ci(iyo)- 

Since Fi did not depend on the choice of p G for every line L G B, the 
component Ci(L) := 7r~'^([L]) nFi of C{L) that is contained in Fi has the property 
that Ci(L) n indet(F) = ^i. This is because for every q G Ci, B x q is contained in 
¥iCB xH. 

F\h 

Consider the composite morphism (p : ¥i ^ H Y . Let y e F be a general 
point. There are six lines Li, . . . , Lg on y through y, and 4>^^{Li) = Ci{Li). By 
counting preimage points of y we see that deg 4> is the sum of the degrees of the 
Ci{Li) Li-. 

6 

(3.9) deg</. = ^6-A(Ci). 

i=6 

Since deg^ > AegF\H, equations (3.8) and (3.9) show that all the are equal 
by maximality of A(Ci). Therefore Fi — > _ff is a birational morphism. 

Let p e indet(i^). By Lemma 3.15, p is a triple point on H, and so H is rational. 
Therefore Fi is rational and dominates the surface B. However, B does not contain 
a rational curve by Proposition 2.1. This contradiction shows that H can not be 
integral. □ 
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